Introduction
and statements of results. (ii) Pd M = 0 iff there is a wedge R of spheres such that ít+(R) -M. * (ii) Wdjj M = 0 iff there is a spectrum L with trivial homology operations such that 77^(F) a¿ M.
Theorem (Duality theorem).
Let M be a n¿.-module, then (i) M is projective iff there is a spectrum R with trivial cohomology operations such that ttJ.R) as M.
(ii) M is flat iff there is a spectrum L with trivial homology operations such that t7^(L) -M.
5.12 Theorem. // M is a tt ¿.-module, then the following conditions are equivalent.
(i) M is a flat (but not free) tr^-module.
(ii) Pd^ Mm I, G DU) > F P DU) > fl P DU) > f P DU),
(Here we assume that A is commutative in the graded sense.) For the stable homotopy ring tt*, we have completely determined all these dimensions, except F I DirrA-Namely, 5.13 Theorem.
G DU*) = oo > F P D(t7*) = 1 > fl P DÍtt*) = f P D(t7*) = 0, 
is a total homology operation, and its various differentials are various higher order homology operations. In fact 5° is a HOTS (COTS).
Next we would like to investigate the question of when a "subspectrum" or Proof. Let T be a total homology operation; then one of the lowest order nonzero differentials on T(X) (which is defined on all //".(X)) certainly implies that the corresponding differentials are nonzero on T(Y); a contradiction. Q.E.D.
Next we will investigate the duality between higher order homology and cohomology operations.
Let O be the rational number modulo one. Let G = Homz ÍG, Q) be all the Z-homomorphisms of G to Q, where Z is, as usual, the integers, Let F = i F ' , a' ' i be a homology spectral sequence. Then defined by F= Hom7(E, 0) s \Ep-q, dp-q\ Ë>:«=Homz(E^. Q) and d*>* = Hom^^, Q)
is a cohomology spectral sequence, because Homz( -, Q) is an exact functor.
Let X be the category of connected spectra with finite skeleton. Then we have 2.5 Theorem. Fez" T: 2' -> te be a total homology (resp. cohomology) Note that (i) is necessary; for example, the Moore spectrum of rational numbers does not admit any nonzero homology operations.
Since the proof is fairly long, perhaps it is desirable to give an outline.
First we set up a lemma which establishes the fact that a map between wedges of spheres is detectable by homology operation (in general this may not be true, see Proof. The main idea of the proof is first, reduce the discussion of / to its restriction on a finite wedge of spheres. Then, by duality, the problem is reduced to the well-known situation-detecting map by cohomology operations.
The necessity is obvious.
To prove the sufficiency, let us assume, to the contrary, that / is not null-homotopic. Since R is a wedge of spheres, there is at least one sphere, say S0, in R such that the restriction <b = f\SQ is not null- Note that, by assumption, H*iX; Z) = H*ÍY; Z) is a free abelian group and hence each Moore spectrum R is, in fact, a wedge of spheres. Thus in order to show that y is a wedge of spheres, it is sufficient to show that each kn is nullhomotopic.
We will show, by induction, that each k' is null-homotopic. In order to do this let us assume that it has been shown that each k,, I < n, is null-homotopic.
Then we will show that k is null-homotopic. Note that since k ,, I < n, are (ii) Pd Al = 0 iff there is a wedge R of spheres such that M ai 77".(R). Proof. By Theorem 5.7, the projective dimension of 77".(X) cannot be 0 or 1 iff X is not a HOTS. So the corollary follows.
5.9 Theorem. Let M be a n*-module. Then 5.11 Theorem. Let M be a n*-module, then Proof. Follows from Theorems 5-7 and 5-9.
5.12 Theorem. // M is a n*-module, then the following conditions are equivalent:
(1) M is a flat (but not free) TT*-module.
(2) P d" Al = 1 . is not a wedge of spheres.
(4) Al is a wedge \JL(G , n) of Moore spectra, where each G is torsion n € n free, but at least one is not free.
Proof. G DU*) = oo > F P DU*) = 1 > fl P DU*) = f P DU*) = 0, F I DU*) > 1 > F W DU*) = fl W DU*) = f W DU*) = 0.
Proof, fl P DU*) = f P DU*) = f W DU*) = 0 is computed in [ 7, §1,
Theorem 3]. F P DU*) = 1 and F W DU*) = 0 follow immediately from Theorems 4.4 and 4.5 respectively; G DU*) = oo follows immediately from the fact that F P DU*) /f P DU*). Thus the only thing left to be proved is that F I DU*)> 1. Open problems. (1) F I DU*) = ? It seems likely that F I DU*) = 1. that there is only one (nonmaximal) prime ideal in 77* (which implies K-dimU*) = 1). Therefore the answer to this question is not only interesting by itself, it would also give a good approximation to the old question. We would like to point out here that in the theory of Noetherian ring the X-dim is closely related to the finitistic dimensions.
If 77* were a Noetherian ring (but it is not) > then our computations would imply K-dim 77* = 1.
